One shows that Cartan's method of adapted frames in Chapter XII of his famous treatise of Riemannian geometry, leads to a classification theorem of homogeneous Riemannian manifolds. Examples of classification in 3D dimensions obtained by Cartan are given using this powerful method.
Introduction.
The first edition of Cartan's Riemannian geometry textbook ( some think, the most important text on Riemannian geometry to this day), was based on Cartan's lectures in 1925. An augmented edition appeared in 1946 [second edition, Gauthier-Villars, Paris, 1946] . In view of the great influence which this work has exerted on the subsequent development of Differential Geometry. The book was translated in English and in Russian, and carefully reviewed in Math Reviews in 1985.
That review, which was presenting Cartan's work to a worldwide audience, had an important omission: Cartan's contribution in Chapter XII: Groups of Isometries of a Riemannian Manifold. To these days the elegance and the richness in ideas adapted frames that were at the center of that book chapter, are still little known to the general community of mathematicians, and surprisingly enough, are rarely quoted by Riemannian geometry experts. In this paper we will go to over that Chapter with having also on mind more recent developments of Cartan's ideas.
Simply transitive groups of isometries of Riemannian manifolds
The objective of Chapter XII in [C46] 
was to (i) determine those Lie groups that act as groups of isometries of a Riemannian manifold, and (ii) for such a Lie group, find the Riemannian manifolds admitting that group as a group of isometries.
Assume K is a Lie group, subgroup of the group I g M of isometries of the Riemannian manifold (M, g). For each point x ∈ M, the orbit of x ( called by Cartan trajectory) is K(x) = {k(x), k ∈ K.} Cartan introduces the method of adapted frames. For each u ∈ OM x , Cartan defines the adapted frame field to be frame field defined on the orbit K(x) as follows :
The group K is transitive if K(x) = M, which is same as saying that
) is a Riemannian homogeneous space. Cartan considers first the particular case when the group K is simply transitive. In this case in the isotropy group G = K x , subgroup of elements in K that keep the point x fixed, is trivial, and the manifold M and K are in a one to one correspondence, thus M has a Lie group structure. Moreover the adapted frame field U defined in (1) determines the Riemannian metric on M, since the if we define Θ u to be the dual form of the orthoframe field U, then the Riemannian metric g is given by
. Assume M has dimension n and let
Then since the form Θ u is invariant ( ∀k ∈ K, L * k Θ u = Θ u ), it follows that dΘ u is also invariant, therefore
where C i jk are constants with C i jk + C i kj = 0. On the other hand the connection forms associated with the frame filed Θ u are defined by
From (4), (5) Cartan obtains
On the other hand the curvature forms associated with the frame filed Θ u are defined by
and the Riemann-Christoffel curvature coefficients R i jkr with respect to this frame are given by
and since the we work in an orthogonal frame filed, R i jkr = R ijkr From equations (5)-(8) Cartan obtains 
considers the Pfaff forms
that correspond to an adample frame field corresponding to a simply transitive group of isometries. Milnor ([M76] ) showed that any left invariant matric on S 3 is of the form g λ , where
3 Riemannian manifolds that admit a multiply transitive group of isometries.
The second part of Chapter XII in [C46] is dedicated to transitive groups of isometries K of a Riemannian manifold (M, g) for which the dimension of the isotropy group H = K x is positive. As a star-
of the isotropy algebra h as a Lie subalgebra of o(n). Note that the Lie group
K is embedded in the orthoframe bundle O g M, via
the Levi-Civita connection form of (M, g). The vector valued differ-
are linearly independent, and the Levi-Civita connection form, then the φ u pull-back of the structure equations,
yield the Maurer-Cartan equations of K.
If ω u = ω u,g ⊕ ω u,g ⊥ is the decomposition of ω u with respect to the
shown by Cartan, therefore there is a g-invariant linear map Γ :
The Lie algebra equations, dual to (14) are:
leading us to the following definition
where Γ : R n → g ⊥ is a g-invariant linear map and
is a g-invariant bilinear map such that if we define T,Ω and the "taller" bracket , by (15), then , yields a Lie algebra structure on k(g, Γ, Ω) = g ⊕ R n , provided some identities inΩ and Γ, resulting from the Jacobi identities for that Lie algebra hold true.
Here [, ] is the commutator of two matrices and ξ g is the g-component of ξ with respect to the decomposition o(n) = g ⊕ g ⊥ .
Maximal closed Cartan triples and full groups of isometries of Riemannian homogeneous spaces
Cartan triples were introduced by Patrangenaru [P94] , who used them to classify metrically Riemannian homogeneous spaces. Note that for each Cartan triple (g, Γ, Ω), g is a Lie subalgebra of k = k(g, Γ, Ω). Let K be the simply connected Lie group of Lie algebra k and let G be the connected Lie subgroup of K, whose Lie algebra is g. The Cartan triple (g, Γ, Ω) is said to be closed if G is a closed subset of K.
Assume R 1 , R 2 are two Cartan triples, such that for j = 1, 2, R j = (g j , Γ j , Ω j ). We say that R 1 ≤ R 2 if there is a vector subspace a of g 2 such that
and with respect to the decompositions in (3) we have
where Γ a is the a-component of Γ 1 and Ω a is the a-component of Ω 2 with respect to the corresponding decomposition in (3).
Let C n be the set of all n-dimensional Cartan triples and let M n be the set of maximal Cartan triples in (C n , ≤). The orthogonal group O(n) acts on the right on C n , leaving M n invariant. This action A n is given by
, where
The following result is an immediate consequence of the main result in [P94] . P94] ). There is a one to one correspondence between isometry classes of simply connected n-dimensional Riemannian homogeneous spaces and A n -orbits of closed Cartan triples in M n .
In this correspondence, if (M, g) is a Riemannian homogeneous space,
the Lie algebra of Killing vector fields on M vanishing at x, and if λ u is the linear isotropic representation, then one may take g = λ u (k(M) x ), and T andΩ in equation (2) 
That program was based on the following three steps: (i) Determine all the closed Lie subgroups of O(n).
(
ii) For a given Lie subgroup G ⊆ O(n), determine all the Lie groups K acting as transitive groups of isometries of a Riemannian manifold with isotropy group G, and (iii) Given a Lie group K as in (ii), determine all the homogeneous spaces (M, g) admitting K as a group of isometries.
4 The 3D Riemannian homogeneous spaces with a multiply transitive group of isometries.
Let (e i j ) i,j=1,..,n be the natural basis of gl(n, R); the matrices e i j act on the natural basis of R n as linear endomorphisms by:
An orthogonal basis of o(n) with respect to the Killing form is given
Cartan considered in a separate section the case n = 3. As a first step in the Cartan triple method, note that any nontrivial, proper Lie subalgebra of o(3) is conjugated to g 1 = Rf Here 
Ω(e 1 , e 2 ) = kf Ω(e 1 , e 3 ) = Ω(e 2 , e 3 ) = 0, where
If a = 0, from equations (25)- (26) with a = Span(f (2)).
If a = 0, a straightforward computation shows that a geometric realization has the Ricci quadratic form given by (2) and (12), with a = 0, it follows that
e 1 , e 3 = be 2 , e 2 , e 3 = −be 1 ,
showing that if K is the simply connected Lie group of Lie algebra
) is a Lie subalgebra of k that is transverse to g 1 . From the general Cartan triple approach [P94] it follows that s is isomorphic to a transitive Killing algebra of the geometric realization M of (g 1 , Γ, Ω), that is s can be identified with a Lie algebra of Killing vector fields on M, such that for any point x ∈ M, the evaluation map
is onto. Since dims = dim(M), it follows that ev x is an isomorphism.
Thus the connected Lie subgroup S of K of Lie subalgebra s acts transitively on M, with a discrete isotropy group (fiber F of the projection π : S → M, π(g) = g(x)). Note that from the structural equations of this Lie subalgebra, it turns out that S is isomorphic to S 3 , the group of unit quaternions. From the exact homotopy sequence of this fibration, since S is connected and simply connected we get π 0 (F ) = 0, that is F is the fiber is the trivial subgroup of S, showing that π is a diffeomorphism. Note that and since K is compact, the isotropy group (in this case the Lie subgroup of K whose Lie algebra is Rf Using (15) one can construct an isomorphism of Lie algebras
, with φ(s) = su(2). Shankar [S2001] mentions that S 3 (regarded here as SU (2) 
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General intransitive groups of isometries. Groups whose orbits are curves or surfaces
In the last two sections of Chapter XII, Cartan considers the case of intransitive groups of isometries. If K, is an intransitive group of isometries of an n + k dimensional Riemannian manifold (M, g), and
K(x) be an orbit of maximum dimension n of K, then K is transitive on K(x), therefore Cartan shows that one can select coordinates
. . x n , y 1 , . . . , y r ), locally around K(x) such that y a , a = 1, . . . , r are invariants of the group K and for fixed y 1 , . . . , y r ), the group acts transitively on the submanifold described by x 1 , . . . , x n . This is a foliation of M by homogeneous spaces. Finally in Chapter XII of [C46] ,
Cartan describes the form of the metric tensor, in case the maximal orbits are curves or surfaces.
